In this work we present a geometric identity involving the Bel-Robinson tensor which is formally similar to the Sparling identity (which involves the Einstein tensor through the Einstein 3-form). In our identity the Bel-Robinson tensor enters through the Bel-Robinson 3-form which, we believe, is introduced in the literature for the first time. The meaning of this identity is that it is possible to formulate a generic conservation law for the quantity represented by the Bel-Robinson tensor (superenergy). We also show how one can use the Bel-Robinson 3-form to estimate the components of the Bel-Robinson tensor which are computed with respect to the causal elements of a frame. This estimate could be useful in a global existence proof of the solutions of a theory of gravitation in dimension four.
Introduction
Conservation laws in Physics play a very important role in the sense that they enable us to draw important conclusions about the dynamics of a physical system (and sometimes even to determine the dynamics itself completely). There is an interesting connection between conservation laws and the invariance under symmetry transformations established by the Noether theorem. Roughly speaking this result states that if the action of a mechanical system is invariant under a symmetry group, then one can construct a number of conserved currents out of the generators of the group. If one attempts to apply this result to the case of General Relativity, it turns out that the action is invariant under the group of diffeomorphisms and since the set of generators of the group of smooth diffeomorphisms is the set of smooth vector fields we conclude that it must be possible to construct a conserved current out of any smooth vector field. In this case the physical quantity being conserved is the energy and therefore one can state that energy is always conserved in General Relativity. It is possible to distinguish two contributions to the total energy: the part arising from the matter energy-momentum tensor and the part coming from the gravitational energy. The former is represented by a tensor (the energy-momentum tensor) whereas the latter is only pseudo-tensorial. For this reason it is said that gravitational energy is pseudo-tensorial; it cannot be represented by a covariant energy momentum tensor in the same way as the matter energy-momentum can.
Conservation laws do also play a role in Mathematics, even though their relation to a physical dynamics might not be apparent (or necessary). For example in a proof of uniqueness a conservation law usually plays a key role. Therefore the construction of a conservation law is always important from a mathematical point of view. As it is well-known the mathematical expression of a conservation law is a vector field whose divergence vanishes (conserved current) because then the conservation law can be expressed in integral form through the Gauss theorem.
One of the aims of this paper is to show how one can construct generic conserved currents involving the Bel-Robinson tensor. This is a tensor which has important positivity properties in Lorentzian geometry and it has already played a role in the proof of important results in General Relativity (see e.g. [6, 5, 3] ). The point is that in order to obtain conserved currents out of the Bel-Robinson tensor contracted with a set of vector fields one needs to add other additional terms in a fashion similar to what one does when constructing conserved currents out of the energy-momentum tensor. We show that some of the additional terms are covariant and some other are not. This follows a pattern similar to the conservation of energy in General Relativity. Since the physical quantity supposedly represented by the Bel-Robinson tensor has been called superenergy in the literature we refer to our construction as the conservation of superenergy. The physical status of superenergy has not reached a commonly accepted interpretation and while we do not come up with a new proposal in this regard, we show that one can formulate a conservation law for superenergy in General Relativity which is mathematically similar to the conservation of energy. To the best of our knowledge this is a new result.
Another new result presented in this work is given in theorem 1 and it is summarized as follows: if we can find a foliation of our region of interest which is consistent with a condition (52) defined by a frame in a certain way, then the components of the Bel-Robinson tensor with respect to the causal frame elements can be estimated when integrated on the leaves of the foliation in terms of the components integrated on a leave playing the role of the "initial data hypersurface". In fact we can use the frame itself to construct the foliation if we take one of the frame elements as the normal vector to the leaves so we can regard the consistency condition as a condition imposed on a frame (gauge choice).
The conservation of superenergy has been already the subject of some research. In [20] it was established the conservation in the exchange of superenergy between the Einstein-Klein-Gordon field and the gravitation and at a characteristic hypersurface of the electromagnetic field in a gravitational background). An interesting question is the possibility of superenergy exchange between the gravitational superenergy, represented by the Bel-Robinson tensor, and the electromagnetic superenergy, represented by the Chevreton tensor [4] . To test this possibility one needs to construct conserved quantities involving the Bel-Robinson tensor and the Chevreton tensor. This possibility has been explored in [9, 8, 2, 16] assuming the existence of Killing vectors with certain geometric properties.
The outline of this paper is as follows: we review the conservation of energy in General Relativity in section 2. In a modern mathematical language this conservation law is encoded in the Sparling identity. In section 3 we introduce the Bel-Robinson 3-form which appears to be a new mathematical object. 
Similarly, the inverse metric g # and the volume element η induce the functions g
) and η abcd (u) = −g(u)ǫ abcd , where g(u) = det(g ab (u)) and ǫ abcd is the alternating symbol with ǫ 1234 = +1. Unless otherwise stated, tensor fields on M will be regarded as sets of scalar quantities on L(M ) defined in this fashion.
Let us introduce now a set of 1-form fields {θ
. The Hodge dual acts as follows on a basis of forms constructed with elements of the set {θ
where here and in other places we use g ab (resp. g ab ) to raise (lower) indices of indexed quantities. A torsion-free connection on L(M ) is determined by a set of 1-forms Γ a b on L(M ) fulfilling the Cartan structure equations
The set Γ a b determines the connection 1-forms and the set R a c the curvature 2-forms. We have that
where R b cda is the Riemann tensor and R ca ≡ R d cda is the Ricci tensor. In addition if the connection is the Levi-Civita connection, one has the extra compatibility condition
where g ab is regarded as a set of 0-forms on L(M ) (scalar fields on L(M )). From this, we deduce
The integrability conditions of (2)- (4) are
Let us now introduce the following vector subspaces of T u (L(M ))
H u is called the horizontal subspace and V u is the vertical subspace. It is clear that these form distributions on L(M ), denoted respectively by H and V . Also one has that 
if in addition to the previous condition one has that ω( X 1 , · · · , X r ) = 0 whenever at least one of the vectors X i is vertical.
The sets of differential forms on L(M ) introduced so far can be regarded as pseudo-tensorial when regarded as forms with values in R m for appropriate m. In addition the forms, θ a , R b a are examples of tensorial forms. The main difference between pseudo-tensorial and tensorial forms is that the pullback of a pseudo-tensorial form by a local section σ : M → L(M ) induces a form on M which does not transform covariantly whereas this does not happen with a tensorial form. From the physical point of view tensorial forms are expected to be related to covariant quantities whereas pseudo-tensorial forms are related to frame-dependent quantities. A R m -valued differential form on L(M ) will be just called a form. Sometimes, tensorial forms shall be referred to simply as tensors.
With this geometric set-up, we can define the Nester-Witten 2-form [10, 21, 7] .
Using (2)- (5) one gets after a computation that the 2-form L a fulfill the identity (Sparling identity)
See [10, 7, 21] for the details of this computation. From the Sparling identity we deduce
where * is the Hodge dual and δ the co-differential. Recall that if ω is a 1-form in L(M ) then the pull-back of δω to M by a local section σ : M → L(M ) yields
where "div" represents the divergence operator computed with respect to the metric g (now regarded as a tensor field on M ). In this sense eq. (10) can be understood as a conservation law which tells us that the sum of * E a and * S a always gives a conserved current when pulled back to M by a local section. The 1-form * E a (Einstein 1-form) is a tensorial 1-form given by
Hence, the pull-back of * E a to M can be regarded as the energy-momentum flux of the matter if we use the Einstein's equations. The 1-form * S a is pseudo-tensorial but not tensorial and thus, its pull-back to M will depend on the section chosen to define the pull-back. The current obtained after performing the pull-back can be interpreted as the flux of gravitational energy. Therefore the physical content of eq. (10) is that the energy-momentum flux of the matter plus the gravitational energy flux is always conserved (energy conservation). The energy-momentum flux is covariant as it is the pull-back of a tensorial form whereas the gravitational energy flux is not because it is the pull-back of a pseudo-tensorial form. This is the standard interpretation that one cannot define a covariant "energy momentum tensor" for the gravitational field. The pull-back of S a for a number of specific choices of a section has been computed in the literature [10, 21] , showing that classical pseudo-tensors used to represent the energy-momentum of the gravitational field are recovered in this way From (9) and (2)- (5) one gets after a computation
These equations can be regarded as the integrability conditions of the Sparling identity.
The Bel-Robinson 3-form
The Weyl 2-form W b a is defined as follows
Here S ab is the Schouten tensor
From (14) one deduces
where W b cda is the Weyl tensor. Define now the following 1-form
If we define the Weyl tensor right dual (which equals the Weyl tensor left dual in dimension 4) by
then one finds that (17) can be rendered in the form
where (1) and (16) have to be used. The Bel-Robinson 3-form is defined by
Proposition 1. One has the relation
where T abcd is the Bel-Robinson tensor
Proof. An explicit computation using (16) and (1) shows that * ( * (
where the dimensionally dependent identity
was used along the way. Combining eqs. (20) and (17) one gets * (
which upon using (23)-(24) leads to (21) . If we recall that the Bel-Robinson tensor is totally symmetric and traceless then the previous proposition leads to
We present another mathematical property of the Bel-Robinson 3-form.
Proof. To prove this we need to take into account the identity
which is obtained by an explicit computation. One can now expand the left hand side of (28) using the Hodge dual of (26) and work out the resulting terms with the previous identity. The final result follows after using the cyclic property W abcd + W acdb + W adbc = 0 and the dimensionally dependent identity (25).
Since its introduction in [1] the Bel-Robinson tensor has been extensively studied in the literature (see [20] and references therein for a thorough review). Specially important are the positivity properties of this tensor which state that for any set of causal, future-directed vector fields { u 1 , u 2 , u 3 , u 4 } on M one has that the super-energy density T ( u 1 , u 2 , u 3 , u 4 ) is non-negative. Moreover, the super-energy density vanishes for a set of timelike vector fields if and only if the Weyl tensor is zero. These and other properties bear some resemblances with the mathematical properties the energy-momentum tensor of a physical system has and therefore the possible physical interpretation of the Bel-Robinson tensor has been the subject of much debate during the years. In geometric units the physical dimensions of the Bel-Robinson tensor are L −4 with L standing for length, and hence they do not correspond to energy. For that reason the purported physical quantity represented by the Bel-Robinson tensor has been termed as superenergy. We show in the next section that one can formulate for the superenergy a conservation law similar to that found in eq. (10) for the total energy (gravitational plus matter).
The conservation of superenergy
In this section we show that there exists an identity formally similar to (9) involving the Bel-Robinson tensor. To start with we define the superenergy potential
Using the Cartan equations (2) and the properties of the exterior derivative, one easily finds
Writing in the last equation the curvature R ed in terms of the Weyl 2-form W ed by means of (14) and using (20) we get
where
From eq. (32) we deduce
This equation is formally similar to (10) and it expresses the fact that the combination of the currents arising from the pull-backs to M of the 1-forms * (Ξ de abc ∧ Γ de ), * (K abc ) and * (T abc ) by any section is always conserved. Note that T abc and K abc are tensorial forms whereas Ξ de abc is pseudo-tensorial. This means that a general conservation law of the superenergy requires the presence of terms defined by means of pseudo-tensors, in a way similar to that of the conservation of energy. In this sense eq. (32) can be regarded as the counterpart of the Sparling's identity (9) when dealing with superenergy.
We have already explained the relevance of the 3-form T abc and its relation to the Bel-Robinson tensor in section 3. As for the 3-form K abc a computation using (14) and (17) shows that * (
where K jabc is defined by
By construction K ja(bc) = K jabc . Also an explicit computation shows that K a j ac = 0, K b ja b = 0 which implies that K abc is traceless. In addition K abc can be decomposed in the way
Note also that
This means that the 3-form N abc can be regarded as a Lanczos candidate because it has the same algebraic properties of the Lanczos potential of the Weyl tensor. The conservation law (32) then entails
A new estimate involving the Bel-Robinson superenergy
One of the most important applications of the Bel-Robinson tensor is in the proof of global existence results for certain inital data sets of the Einstein field equations (see [6, 5, 14] for explicit applications). The idea in these proofs is to construct positive quantities with integrals involving the components of the Bel-Robinson in carefully chosen frames and then use the quantities in estimates which yield the existence results through a bootstrap argument. In constructing the positive quantities, the positivity properties of the Bel-Robinson tensor reveal themselves essential (a thorough review and proof of these properties can be found in [20] ). In a sense the Bel-Robinson tensor acts as a kind of norm for the gravitational field which vanishes if and only if the space-time is flat. The choice of frames in which the estimates hold is in general a highly non-trivial task which has been carried out only in particular situations. In this sense no successful attempt has been made so far to find a general procedure which enables us to select a gauge in which the components of the Bel-Robinson tensor in that frame can be estimated although research in this direction has been certainly conducted [18] . In this section we prove a result (theorem 1) which may certainly aid in this difficult task.
The Bel-Robinson 3-form has been obtained as a 3-form in the bundle of frames but in this section we shall choose a section σ : M → L(M ) and use it to pull T abc back to the base manifold. The section σ will be assumed global and all the differential forms appearing in this section will be understood as (tensor valued) forms on M (elements of the de Rham complex Λ(M )). Since T abc is a tensorial form, its pullback under σ transforms covariantly and therefore we still use the symbol T abc for the pull-backed 3-form. However, the indices (abc) should now be regarded as component indices in the particular frame defined by the section σ.
Our starting point is the following identity which is valid for any non-vanishing 1-form ω ∈ Λ 1 (M ) and any set of component indices (abc) with respect to a given frame σ
This identity holds because its left and right hand sides are both 4-forms and If (a, b, c) are frame indices corresponding to causal future-directed frame elements and Σ ⊂ M is a spacelike or null smooth co-dimension 1 orientable submanifold (or a submanifold with points of both of these types) then
Proof. The integral of the 3-form T abc can be transformed as follows
where n is the unit normal to Σ and dΣ represents the volume form on Σ defined by
with η being the volume form of M . If Σ is null, the normal n has to be chosen in such a way that dΣ is a non-degenerate 3-form (the choice is not unique). Suppose now that the vector fields { u a , u b , u c } are the frame elements corresponding to the indices (a, b, c). If we use (21) to replace * (T abc ) then the integral is rendered in the form
where T is the Bel-Robinson tensor. The hypotheses of the proposition imply that u a , u b , u c are all causal future-directed vectors and we can always chose an orientation of Σ which makes n causal future directed too. The proposition is now a direct consequence of the properties of the Bel-Robinson tensor (see considerations coming after the proof of proposition 2).
Theorem 1. Let Σ ⊂ M be a spacelike smooth co-dimension 1 orientable submanifold and let D + (Σ) be its standard future Cauchy development. Assume that there exists a foliation of D + (Σ), {Σ t } t , t ∈ I, I real interval and a frame σ (section on L(M )) fulfilling the following properties 1. Σ t is spacelike ∀t ∈ I and Σ ∈ {Σ t }.
2. There are causal vector fields in the frame σ (we shall take the label (a, b, c) for the frame elements associated to these vector fields) such that
3. The scalar field ϕ of the identity (42) particularized for the frame indices (a, b, c) and the 1-form ω = dt defined from the leaves of the foliation has the property
where m(t) is an integrable function in the interval I.
Under all these assumptions the integral Σt T abc exists ∀t ∈ I.
Proof. Without loss of generality, we can take Σ = Σ 0 , t > 0 in Σ t . Let us consider a compact submanifold Σ K,t ⊂ Σ t and define Σ K ≡ Σ ∩ J − (Σ K,t ) (note that this is a non-empty subset as Σ K,t ⊂ D + (Σ)). We introduce now the set
The set Ω t is compact [13] and by construction we have
The sub-manifolds Σ K and Σ K,t are space-like and H t is null as it is a subset of ∂J − (Σ K,t ) which is null [19] . See figure 1 to get an intuition of this geometric construction. 
Relation (48) and Stokes theorem entail
where we used in the last step proposition 3 on the null H t (note that that proposition implies that the other integrals are positive quantities too). Also, the identity (42) applied to ω = dt enables us to transform the first integral
Note that all integrals in previous expressions are evaluated over compact sets and therefore their existence is guaranteed. Combining eqs. (49)- (50) we get
where in the last inequality we used (46) and the integrability of m(t). Finally, we note that this estimate holds for any compact Σ K,t ⊂ Σ t and that the quantity m(t) is totally independent from the set Σ K,t we chose at the beginning. This fact and the assumption that Σ T abc exists enables us to conclude that Σt T abc also exists ∀t ∈ I.
Remark 1. If we let Σ K approach Σ then (51) becomes
Using proposition 3 we deduce that the term in brackets must be positive
Remark 2. We can chose a frame σ such that it determines the foliation {Σ t } of theorem 1 (for example one of the elements of the frame is an integrable vector field which is normal to the leaves of the foliation). Under this provision we can regard the conditions stated by theorem 1 as a set of conditions imposed on a frame (gauge choice). Therefore theorem 1 is a geometric construction of a gauge with interesting properties. These properties may enable us to prove global existence results for the Einstein equations as we explain below.
If the unit normal n to the foliation {Σ t } is an element of the frame σ, then the estimate (52) can be written in the form
where we chose the label 0 for the frame element associated to n. The computations carried out in the proof of proposition 3 enable us to re-write the previous equation as follows
The scalar T ( n, n, n, n) is the so-called superenergy density and from the considerations coming after the proof of proposition 2 we deduce that it is a strictly positive quantity which is zero if and only if the Weyl tensor is zero. Therefore we can regard the integrals appearing in equation (55) as a measure of the strength of the gravitational field on Σ and Σ t . The mathematical properties of the superenergy density have been used successfully in the proof of a number of mathematical results [3, 11, 12, 6, 5] and we expect that the estimate shown in (55) will be useful to prove global existence results for the equations of any gravitational theory by means of a standard bootstrap argument (see e.g. [22] ). If there exists a frame choice (gauge choice) σ in which the assumptions of theorem 1 hold with T abc as the superenergy density then we deduce from these results that any local existence result for any gravitational theory formulated in the gauge σ could be turned into a global one. The idea is to construct inital data in which the condition (45) is fulfilled because then (55) implies that the solution will be regular and bounded if t ∈ I where I represents the local existence interval. If it turns out that the function m(t) is integrable on R (or an unbounded subset thereof) then it is plausible that the solution can be extended by using repeatedly the local existence result and theorem 1 thus showing that the solution remains bounded and regular in the maximal data development. In this sense it is important to formulate a local existence result in a gauge σ and a foliation with the properties stated by theorem 1. This is the subject of ongoing work.
Conclusions
We have shown that one can construct conserved currents involving the classical Bel-Robinson tensor and other superenergy tensors in a manner which appears to be new. These conserved currents contain also a pseudo tensorial part in a pretty much the same way as it happens when one considers conserved currents involving the energy-momentum tensor of the matter. As far as we are aware of, this is the first time that the pseudo-tensorial character of the superenergy is considered in the literature. We have shown that the conservation of superenergy adopts the form of a geometric identity which bears a formal similarity to the Sparling identity. In the latter case the energy of the matter enters in the identity via the Einstein equations whereas no counterpart to the Einstein equations exists in the conservation of the superenergy (there is no known dynamics for the superenergy). For this reason the conservation of the superenergy put forward in this paper should be regarded at this stage as a mathematical result rather than a physical
law. An independent physical law of the conservation of the superenergy would exist if one could relate in a physical fashion the superenergy tensors K abcd and T abcd to other superenergy tensors constructed from matter fields (for example the Chevreton tensor [4] or similar). Of course we can always compute K abcd and T abcd for a solution of the Einstein equations and speak of the conservation of superenergy within the framework of the present work. However, in this particular case the conservation of superenergy is a derived law rather than an independent one. We have also explored an independent application involving the construction of an estimate of the causal components of the Bel-Robinson tensor with respect to a frame with certain properties. This estimate could be important in the proof of global existence results of arbitrary gravitational theories, not necessarily based on the classical Einstein equations. Finally we should mention that our work has been restricted to dimension four. A possible generalisation to higher dimensions is under current research.
